1 Homotopy on Kan complex

Definition 1.1. K O simplicial set 00000 Oz,y € K, 00002 ~y000d;x = dyy (
1<n)000z€ K, 00000dpz =2,dpy12=y0000d;z = sp_1dix = Sp—1diy (
i<n) 000000000000 z€ Ky41 U200 yOO homotopy 00 OO

0s
0=

Proposition 1.2. KO Kan complex000000~0 K, (n20)000000000000

Proof. 00 z € K, 0000 s,x € K41 00000 O simplicial condition O OO
dpSp® =T = dpt15,T

O00dispr=s,1d;za 0000002 ~2000000000000O

O00000000z~2'02~2"00002 ~2" 000000000000 OfacednOO
000000000000 00 homotopy O y,z€ K4 OOODO0O

dpy =2,dp1y =2, diy = sp_1d;xz = sp,_1d;x’ (050 < n)
ogoooooo
dpz=x,dpi12 =2",diz = sp_1dix = s,_1d; 2" (01 < n)
O00000n+200 (n+ 1)-simplex
dosnsnt’s - dp_ 180802y, 2 € Kny

000000 compatibly condition 0000 OO O I AZi% 000 extension OO K O Kan
complex DO000w € K12 O0O0O000Od;w=d;spspx’ (02i<n)0dyw=y,dp,pw=2000
O0dpyowe K, O0000O0OO

dpdpiow = dp i 1dpw = dp 1y = 2’

1"
dn+1dn+2w = dn+1dn+1w = dn—!—lz =T

OO0000<:<nO000O
didpiow = dpy1diw = dn+1dz‘8n8n$/ = dn+1sn715n71dixl = dp415n8n—1d;T = Snfldixl

0000002 ~2" 0000
O

Definition 1.3. K O simplicial set 000000+ € KoOOOOx: A — KODOOOOODO
0000000000000 0R200000x€ K, 000000000000S,-1---s0(*%) € K,
0000000000000 (K, #)w={z€K, |do=+,0<i<n}000 K,000000O
000000000 (K,x)o=KoOOOUOK O Kan complex 000000 (K,*) O Kan pair O
gooooooo

T (K, %) = (K, %),/ ~

000000000000 (K,*) O simplicial set 0 Kan complex 0000000000000
0000000000000 m(K,*)0 KO path compornent 00000000000 O0O0OK
O path connected D OO0 0O OO



Definition 1.4. n 21000000 (2),[y] €7 (K,*) 0000000000000 00ONn+1
00O n-simplicial

¥y KT, —, Y € (K7*)TLCKTL

0000000 00Ocompatibly condition 00000002 € K, 0O00D000LiESn—200
O00d;z=«x0000d,-12=20d,41z2=y000000000000d,—1dpz=d,—1dp—12=
dp—1x =*0dndpz =dpdpt1z=d,y=+«+000000d,z € (K,%), 0000

[#][y] = [dn2]
gooooodgo
Lemma 1.5. 00000 well defined0 000

Proof. 00000 homotopy 0000000000000 00[2],[y] € mp(K,*) D000 21,25 €
K1 O dy1(2)) = 2, dni1(z) =y, di(z;) =+ (02 i<n—1)000000000000000
dpz1 ~dpzo € (K, %), 0000

#,00 , Spdp—121,—, 21,22 € Kp41
O extension condition 000000 0w € K42 00O
diw=x(0Zi<n—1),dp—1w = 8pdpn_121,dpnt1W = 21, dp1ow = 23
oooooooobdy,we K, O00O0D0OOOO
dpdpw = dpdp1w = dp21, dpp1dpw = dpdy 0w = dp 2o

O0000d, 0 dpzy O dpze 000 homotopy OO O 0

0000000000000 0000000O0,y,y' €(K,%), 0000y~y 0000000
O00we K, 00000d,w=9¢",dpp1w=y0000dw=+0ZLi<n)0000000
OO0[z]ly] =[2][y'] D000 [z][y] = [dn?’] 000000002 € Kpy1 O dp—12’ = z,dpy12’ =
y,diz/ =%« (0Si<n—1)0000x%,--,%,8,12,2',— w € Kp41 000 0O extension condition
O0000000u€e Ko OOO0O0Odiu=%(0Si<n—1),dp_1u = sp_12,dpu = 2/, dpiou = w,
ocooooobooddyive K, OODOOOO

dn+1(dn+1u) = dn+1dn+2u = dn+1w =Y

oood

dp—1(dpy1u) = dpdyp_1u =dpsp_12 =

000000 [y = [d(dnsiw)] 00000
dy(dypy1u) = dpdyu = dp 2’
D000 [z]ly] = [dn?'] = [2]y'] DO OO O

Proposition 1.6. n>210000n,(K,+) 00000000000



Proof. 0000 [« em,(K,+x) 0000000000000 [z] € m(K,x) 0000 [z][*] = [dnz]
00000000z€ K11 00d;z=+x000d,12=20000000000s,-1(z)0000
00000000 [z][] = [desn_12] = [x]0 00000000

00000000000 € m(K, %) 0000[y[z] = (] 000 [y] € m(K,*) 0000
OO0D0O0O00Ox%,---,%,—,x,2 € K, O extension condition 000000000z € K,4q 00O
000dn17 = 2,dpz = *,diz =+ (0< i <n—1)000000000[de_12] 000000
[dn—17][x] = [dn2z] =[x 0000000 [2z][d,—12] 0000000 [z][dn-12] = [dpw] DOO0O0O
godad

Ky, k2, TR W

O000wu€e KpioOOOOOdiu=+«00dp1u=20dpu=w0000000000d,u0
00000dd,u = «0
dndpu = dpdpi1u = dpx = *

ggd
dn+1dn = dndn+2u = dnw

0000d,w ~ =0
O000000000000000(x],[y], 2] € m(K,*) 0O O Oextension property 0 000 00O
W1 € Kppy 00000

diwp—1 =% (02i<n—1),dp1wp_1 =, dp1Wp_1 =y
ooooodbD0w,+1 € K, OOOOO
diwpy1 =% (02 i<n—1),dp_1Wnt1 = dpWn—1,dpi1Wyy1 = 2
00000000 wnys € Koy 00000
diwpio =% (02 i<n—1),dp_1Wpt2 =y, dpr1Wpio = 2
O0000D0O0DOextention propaty UOD O 00w € Ko OOOODO
diw=w; (j=n—-1,n+1,n+2),dj=«x0=j<n-—1)

gooogd

([z][y)[2] = [dnwn—1][2] = [dnwni1] = [dndny1w] = [dndnwni1] = [dn-1dnwn1][(dnr1dnwng)] =

O
Proposition 1.7. n2200000n,(X,x) 0000000000

Proof. 0000000 ODOOOOOOODODOODODOODOODOODODOOOORn—-1000O
n+1000000 nO0000O0O0O0O0O0ODODOOO0OOOO0ODDODODOUOOOODDLDOOObLDLODO
00000000000000000 (% % T, Zn, Zng1) € (X,*)" ' 000002 € Xpir
Odjz=2; 000000 [zp_1][zn] =[z,) 00000



1.

(y o % Tpe9, Tp—1,Tn,*) € (X,>x<)ﬁ+2 O0000xz € X O dje = 2, 000000
[@n][Tn—2] = [z,—1] 0 O0O0O

(#, -+, %, —, Tp_1,Tp—2) 0000 Oextension condition 000y € X, 0000004 S
n—20000dy=x*,dyy=2p_1,dp1y=2,000000

(*a K SnTn-2,Y, —, X, sn—an—Q)

O extension condtion 000000z € X4 0000004 <n—-20000d;2 =%,
dn—922 = SpTn—2, dp_12 =Y, dpy12 = T, dpyo2 = Sp_2Tp_2 00 00000000d,z €
X, 1 D00000<i<n—-20000didpz =dnp1diz=+0000

dn—ldnz = dn—ldn—lz = dn—ly
dpndpz =dpdpi12 =dpx =z

dn—i—ldnz = dndn—i-ZZ = dnsn—an—2 = sn—an—lxn—Q =k

00000 [de1y][¥] = [£,] 00000000 [20] = [de1y]000002 € Xy 0000
000 [dp-12][Tn—2] = [£n-1]0 0000 [x,][zn—2] = [€n-1]0

(%, % Tnzy %, Tn Tng1) € (X, %) 2 000002 € Xy 0 djz = 2; 000000
[Tn—2][tn] = [z,e1] D OO0

(%, %, Tp_o,%, —,*) 0000 Oextension condition 000y € X, 000001 #n—2,n
0000dy =+, dpoy =2, 00000

(*a K S —2Tn—2,Y,T, —, Snxn-‘rl)

0 extension condition 00000002 € X, 000000Z4i<n—-3diz=%,d, 22=
Spn—9Tn—2, dp_12 =Y, dpz =, dpt2z = Spx,+1 00 O0O0000000dy,4+12 € X1 00O
D[lDO§i§n—3DDDDdidn_,_lZ:dndiZ:*DDDD

dp—2dny12 = dpdp_22 = dpsp_2Tn_2 = Sp_2dy_1Tp_2 = *
dnfldn%»lz =dpdp_12 = dny
dpndpi1z = dpdpz = dpx =z,

dpi1dny12 = dpy1dni22 = dpi 180 Tngl = Tngt

00000000 [dey][#ns] =2, 00000000000000y € X,,,, 000000
1.0000000([dpy][#n2] =*00000000000 [2,_2] =[dey] 0000

[Tn—2][®s] = [dny]_l[dny] [Tn+1] = [Tn41]

(ky v K T2, Tpe1, Ty Tpg1) € (X)) 000002 € X, O djz =2, 000000
[tn—2] " wn—1][tn+1] = [2,] DO OO



(s, %, —, %, % X,_o) 00000 extension condition 000y € X,y 000004 #n —
2.n+10000dy = *, duy1y = 2no 00000

(*a RO dn—an *, _7xn—1)

O extension condition 0000000z € X, 00000 #n—-2,n,n+100000
diZ:*, dn,QZ:dn,Qy, dnJrlZ:l‘n,lDDDDDDDDD

(*’ K Y, 2, SnTn, _71')

O extension condition 000 0000w € X, 00000054 n—-30000dw = x,
Ap—ow = 2, dp_ 1w = dp—_2Yy, dyW = SpTy, dpow =y O0000000000d, 11w € Xpp1
O000000Li<n—-30000d;dpy1w=dpdiw=+0000

dn—an+1w =dpdp_ow = dny =k
dn—ldn+1w = dndn—lw = dnz
dndpi1w = dpdpw = dpSpxy, = Ty,

dn+1dn+1w = dn+1dn+2w = dnJrl:E = Tn+41

00000000 [dyz][#ne] =[2,] 00000000000000z€ X,y 000000
2.0000000[dy_2y][dnz] = [#n—y) 00000000y € X, 0000002000
0000 [dp_oy] =[2,—2]000000000000000

[l‘n—Q]_l[xn—l][xn+1] = [dn,2y]_1[dn,2y][dnz] [Tnt1] = [24]

4 00000000000000000000000000n 22,2,y € m(X,+) 0000
[z]ly] =[y]z] 0000r>2000000000000000000000000

(*a"' 7*,33’—’?}’*)

O extension condition 0000002z € X, O00000d;z=%,dp—92z=2,d,z=y0
00003.0000(x Yd,_12]=[y]00000000[d,_12]=[z]y]0000000O1.0
O000[yl[z] =[dn—12]0000000O000O0O0O0OO0O

O

Remark 1.8. 000000000 Orelative version 0000 00000000000000
obooooooo

e (K,L,x)0 Kan triple 0 00 K O kan complex, L O K 0O sub Kan complex, * € Lo OO
oooo

e (K,L,*): Kan tripleDn =210000
(K,L,*)n:{l‘eKn | deeLnfladix:*al élin}
00000000000 m(K,L,*) = (K,L %),/ ~, 00000000

e 7, (K, L,x) 0 n220000000000000 »n2300000000000



o T, (K,x,x)=m,(K,x) 0000

Remark 1.9. f: (X,*) — (Y,») 000000 Kan complex 000 simplicial map 0 000
ogooood
f* : 7T*(X7*) - W*(X, *)

O0z]— [fz)] 000000000000 R210000000000000000 Kan triple0
00 map (X,A,x) — (Y,B,x) 000000
fo (X, A %) — 7 (Y, B, %)

000000nz2200000000000000000#,, 00000 Kan complex000n=0
O0000000n=1000000n,2200000000000 functor00000000O Kan
triple000n=10000000r,=2000000n2300000000000 functorO
oono

Lemma 1.10. (K,L,+) 0 Kan triple 0000000 : m,(K, L, x) — m,_1(L,*) O 9[z] =
[dox] 00D O0OOUOODOO0OOOOOOOOOOO

Proof. [z],]y] € 7, (K, L,x) 00 00[z]|[y] = [dp2] 00000000z € K41 OO0 #0,n—1,n+1
O0000d;z=%,doz € Ly, dp_12=2,dp412=y00000000000S:¢<n—-30000

didoz’ = dOdi+lz = %
dp_2doz = dodp_12 = dox
dn_ldoz = dodnz

dndoz = dodn+12 = d()y

0oooo
A([2]ly]) = 0([dnz]) = [dodnz] = [dn-1do2] = [doz][doy] = O[]0]y]

0
Theorem 1.11. (K,L,+)0 Kan tripe 000 00000000000000
s (L #) — (B %)~ 1 (K, Ly %) —2 w1 (L, %) — -+
00004, 0 inclusion (L,*) —s (K, *), (K,*+) — (K,L,x) 000000000
Proof. 000000000000 O

Theorem 1.12. p: (X,*) — (Y,*) 0OOO000O Kan complex 00 Kan fibration 00 00
00000p'(x)=FO00ODO

Dx: 7Tn()(a F)*) I Wn(Yz*)

goooooo



Proof. 000 q:7m(X,F,x) — m,(Y,x) OODDOOD0000000y] em(Y,x)0O000Op0O
Kan fibration 00000000z € (X,*)000001<¢<n0000diz=x%,p(x)=y000
D000000 pdoz =dopr =doy =+ 000 Ddoz € (F,x) 000000000z € (X, F,+) O
O00O¢qy]=[z]00000000000 welldefined 000000000y ~y 0000000
0 homotopy 0 z € Y,y 0000 0Kan fibration 000 20 lift 000000 20 2’0000
homotopy 0 0000000 0p.q=100000000000000¢p, =1000000 lift 0
up to homotopy DD O OO ODOO0O O

Corollary 1.13. p: (X,*) — (Y,*) 000000 Kan complerD 00 Kan fibration 0 0 O
gooobobobbooooooo

c— mp (F, %) —i>7rn(X,>k) ﬁwrn(Y,*) — 1 (Fy %) — -+
Proof. 0O O00O0OOOODOO

T (Fy %)

Wn(Fa*) Wn(Xv *) '/Tn(Y,*) '/Tnfl(Fa*)

Theorem 1.11 0000000000 Theorem 1.120000000 mapO00O0O00O00OO0OO
oooooooo O



