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0.1 Cofibrantly generated model category
Definition 0.1.1

C O category OO0 COOO morphism O class 000 0OO0O0D00OOCO

morphism 0

1. O I-injective 000700000 morphism 000 RLPOO0OO0O00O0O0
Iinj0O000

2. O I-projective 0D 700000 morphism OO0 LLPODDOODOOOO
I-projO0 000

3. O I-cofibration 00O OO0 [-inj0 00 LLPODOOOOOOODO I-cof O
ooo

4. 0 Ifibration 0000000 I-proj000 RLPOOOODOOOOOI-fibO
ooono

Example 0.1.2

C': model category 0 000 O O7 = {cofibrations} O O O OI-inj={acyclic fibrations}
O0000OI-cof =10000000I = {fibrations} 0 O O OI-proj={acyclic cofibrations}
oooorl-tb=70000

Remmark 0.1.3
1. 0 IC I-cof , I C I-fib
2. O (I-cof)-inj = I-inj , (I-fib)-proj = I-proj

3.0 JcI0O0O00I-nj C J-inj , I-proj C J-proj 0 O OO J-cof C I-cof , J-fib
C I-fib

Lemma 0.1.4

F:C«—D:GO000O0OLJOO0O0OO C,D0 morphismO class0 O 000
oooo

1. O U(FI-inj) C I-inj

2. O F(I-cof) C FI-cof



3. 0 F(UJ-proj) C J-proj

4. 0 U(J-fib) C UJ-fib

proof) 00 100000000f € U(FI-nj) 00000g € Fl-injO0O00O
U(g)=f0000000a:A—Bel0O000O

A —— U(X)

U(g)=f

B —— U(Y)
00000000000 adjoint 00O
FA— X

Fa

FB —Y

O00000000Fae FIOOOOge FI-inj0OO0O0O lit 000000 Dadjoint
O000Doo0oO00 Lfto0oooo0dg feldinjODO00O

20 feF(l-cof)0O00OOOg e [-cof 0000 F(g)=f00003:X —Y €
Fl-injOOOa4d
FA— X

f=Fg B

FB —Y
O0O00D00000adjoint OO0

A—UX

up

B — UY

O0000000UBeU(FI-nj) CcI-inj000000000O0ODO Lft0000000O

O0lft0000340000000
O
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Definition 0.1.5

C' O cocomplete category OO C Mor(C)ODOOODO

1. O relative I-cell complex 0 O I 0 morphism O coproductOsequencial colimitO
cobased change 0 00000 morphism 0000000

2. 0 X €0ob(C) O I-cell complex 00 0¢ — X O relative I-cell complex O O
goooooo

Example 0.1.6

TOPOOOOOI = {S""' — D"},>, 000000 Orelative I-cell complex
O O O relative cell complex O inclusion 0 0 O O O I-cell complex 00000 CW
complex 00000000

Proposition 0.1.7

C' O cocomplete category 0 0 0O C Mor(C) OO 0O O O relative I-cell complex O
I-cofibration 0 0 O O

proof) 00O f: A — B : relative I-cell complex O O O
A— X
[
B——Y
0000000 p0d I-injective 0 0O O O relative I-cell complex 00 0000
AA—A—X
| )
B ——B—Y
0000 push out diagram 0 ¢ € I00000D00O00OpO I-injective 0O ODOOO

A —A— X



B — X0000 diagram 0000 0O morphism 0000 OO Opush out 00O

ob00B—X0OOOobOooooboooooo
O

Corollary 0.1.8

C O cocomplete category 0 0071 C Mor(C) 00000 DO OO O relative I-cell
complex O retract O I-cofibration O 0O O O

proof) O O retract O lift propaty 0 000000 Prop 0.1.70000

Proposition 0.1.9

C O cocomplete category 0 00O C Mor(C) O permits small object arugumet
O I 0 morphism 0 domain 00 sequencial smalld 0O OO0 OO O O I-cofibration O

relative I-cell complex O retract 0 O O

proof) 0O f: X — Y O I-cofibration O O O O small object arugument 0 O O
O0f:X L Zz-25 Y0 f000000;0 relative I-cell complexOp O I-injective
OO0000D0O0000p0O I-injective 00O O0ODO

X ——

[}

X — X —X

B ——

gooo

f J f

Y4>Z4>Y

Oooo0O0o0oO0O0O0O0O00OO0OO0OOf0O j0O retract 0000

Corollary 0.1.10
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C' O cocomplete category O 0 O C Mor(C) O permits small object arugumetd T
0 morphism 0 domain O sequencial smalld 000 00O OO O I-cofibration O O
O 0O relative I-cell complex 0 retract 000000000

proof) O O Cor 0.1.80 Prop 0.1.90 000

Definition 0.1.11

C O category D00 OMor(C)D0OO0OO0 MOOOOA€ob(C)O MOODO
small0 00000
D CRELND GRELHD SREL NI

O femMO00000 sequence 00 0O O natural morphism
colim,, Hom (A4, X,,) — Hom(A, colim, X,,)

O000000000000000000 AU M—smallDOOO0O000O Mor(C)—small
0000 sequencial small0 000

Example 0.1.12
Set 00 0O0O0DODODOO sequencial small0 000
Example 0.1.13

0000000 M = {inclusion between relative cell complex} O O O O Ocompact
space 0 M—smallOO0O0O

Corollary 0.1.14

Rmodule 00000 A0ODODOOODODOOODODOOODOAD sequencially small O
aon

DGMUOODOOOMODOOO MyODOO OOODO MyOODODOODODOOO
000 M O sequencially small 0 0O O

Definition 0.1.15

model O C' O cofibrantly generated 000000 Mor(C)ODDOOOD I,JO000O
oooooooooon



1. 0 70000 morphism 000 0O Osorced 0 CoF—small 0000

2. 0 pO acyclic fibration 000000 pd I0000 morphism 000 RLP O
Oooopooooooo

3. 0 JODOO0O morphism 00O 00O sorced d WNCoF—small O 000

4. 0 p0O fibration0 00000 p0O JOOOO morphismOO0 RLPOOOO
oooooood

Example 0.1.16

DCGMOODOOO0I={S"'<D"n>0},J={0— D"n>0}000000
0000 DGM O cofibrantly generated 0 model category 0 0O O O

Example 0.1.17

TOPOOOODOI={S""!'—D"nz=0}, J={D"x{0} = D" xIln=0}0
OO000D0D0O000O TOP O cofibrantly generated 0 model category O 0 0O O

Example 0.1.18

sSet 0O0OOOI={0A" - A"n=20}, J={AF = A" 0Sk<n,n=20}0
OO000D00000 sSet O cofibrantly generated 0 model category O O O O
0000070 generating cofibrationd J O generating acyclic cofibration 0 0O O O

Example 0.1.19

peGMOOOO0O0I={S"!'—~D*n=>0}, J={0— D*n=0}000000
0000 DGM O cofibrantly generated O model category O 0 00O

Proposition 0.1.20

M O cofibrantly generated model category OO0 D O00O0OO0ODO,JODOOOO
generating cofibrationd acyclic cofibration O 0 O O

1. O M O cofibration O O O O O relative I-cell complex O retract D000 00O
0000000 I-cofibration 000000000

2. 0 M O acyclic fibration 0 0 00 I-injective 000000000
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3. O M O acyclic cofibration 0 O O O O relative J-cell complex O retract 0 O O
0000000000 J-cofibration0 00000000

4. 0 M O fibration 0 000 J-injective 000000000

proof) 0000000010000 Ocofibrantly generated 0 O O O O O{I—injectives} =
{acyclic fibration} 000000000000 Cor 0.1.100000

{Cofibrations}
={ 000 Acyclic fibration 0 0O RLP 0O OO morphism}
={ 000 I-injective 0 00 RLP OO0 morphism}
={I-cofibration}

={retract of relative I-cell complex}

Corollary 0.1.21

M O cofibrantly generated model category 0 O O O O O cofibrant object O I-cell
complex O retract 0 0O 0O

00000 category 0 model category 0 000000 ODO OO O generating 0 O
000000 0O cofibrantly generateing model category D0 0 OO0 O0O0OO0OOOOO
OO000o0oooooooooooooooogd

Theorem 0.1.22

C O bicomplete O category 0 O O W O morphism O 0 0 O two-out-of-three 00 O
OO00retract 00 0000000D000000/,J0 morphismOOO0000000
oo

1. O I,J 0O permit small oblect arguement

2. 0 J-cofibration O I-cofibration 00 W OO
3. 0 I-injective O J-injective OO W OO

4. 000000O0OO0ODOODOOOO

(a) O I-cofibration 00 W OO OO OO J-cofibration



(b) O J-injective 00 W O 00 OO O I-injective

OO0D000OCO WO weak equivalence 0 O I, J O generation cofibration[ acyclic
cofibration 0 0 O cofibrantly generated model structure 0 00 00O O

proof) O O cofibration O I-cofibrationO fibration O J-injective 00 0000 00O
MC1O MC2000000000O0MC3O retract JO0O0O00OWOOOOOO
cofibration O fibration 0 0 0O 0O O retract O lift propaty D0 OO0 O0O0O0O0O0OO
00 MC50 I0 small object argument 000 00000000000 0O0O0 MC40
O000D00004a0000000000ODO acyclic cofibration O O O OJ-cofibration
oooooOoOo0ODO2000000000000000000O0O

acyclic cofibration = J-cofibration = J-injective 1 0 0 RLP OO0 =fibration 000 RLP O OO

ooooooMc4oooooooooooooboooooooag

HX

A
B—Y

000000040 cofibrationd p O acyelic fibration 000 0p: X 2 Z -4 Y O
00000 I-cofibrationd ¢ O I-injective 00000000000 30 two-out-of-
threeJ0 j e WODODODOODDODOODOOO 400 50O J-cofibration 00 0O
p O J-injective 00O DO 0OODO

X

Z4>Y

X4>

oo0o0o0d0OA:Z— XOOOOODOOODOODOOOO

X 21+ z-1l+x

| b

Y?Y?’Y
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ODO000000D00OpO q0 retract 00000000 DDOOO0OOpO I-injective
oboooooboooobooobooon

A— X

B—Y
p O I-injectivel s O cofibration=1I-cofibration 0 000 000 O 0O O O morphism O
oooooOooooooo

4 000000000O00O0DOOO

000000000 cofibrantly generated model category O O O O O model struc-
twre 000000000000 0000O0O0DODODODOOOOOO cofibrantly generated
model category 0 0 adjoint functor 0 0 O O O O O generating 00 functor 0 0 00O
ooooood

Theorem 0.1.23 00O Transfar principal

M O cofibrantly generated model category 0 0 0O I, J 00O O generating cofibra-
tiond acyclic cofibration O O O 0 N O bicomplete O category 00 O O

F:M<<—N:U

O adjoint functors 0 O FI = {Fi € Mor(N) |i € I} , FJ ={Fj € Mor(N) | j € J}
gogooooooobbboooouooboo

1. O FI and FJ permits small object argument.

2. O U O relative F'J-cell complex 0 M 0O weak equivalence 0 0 00

OO00O0ONDO W ={f € Mor(N) | U(f) is weak equivalence in M} O weak equiv-
alence 0 O OFIOFJ O generating cofibrationOacyclic cofibration 0 O O cofibrantly
generated model structure 00 000000000 adjoint O Quillen adjoint 00 00O

proof) U0 NO FI,FJOUOOTheorem 40 0000000000000 O0O
00000 functor O composition O retract D0 000 W O two-out-of-three 0 O
OO0 retract 0000000
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1. 00000 FI,FJO permits small object argument.

2. 0 FJ-cofibration000000Cor 0.1.1000 0000 O relative F'J-cell com-

plexO retract OO D0OOOO FJ-cell complex O weak equivalene 0 0O OO
O O FJ-cofibration 00 weak equivalence 0 000000 M O model category
gogoooo

{acyclic fibrations} C {fibrations}

oobooo
{I-injectives} C {J-injectives}

O00O0Lemma 0.14000000
{FI-injectives} C {FJ-injectives}
gooobbooooooooo
{F J-cofibrations} C {FI-cofibrations}

0000000000 00000000000000 FJ-cofibration 00O OO
FI-cofibration O O OO

. O Fl-injective 1 0O 0O0OOFJ-injective 00000000000 Lemma 0.1.4

000U (FI-inj) C I-inj = {Acyclic fibrations in M} 0000 O O OF I-injective
O UOD00O0 weak equivalence 0 0 0 O Fl-injective D W DOOODOODO

.04b0000f: X — YO FJ-njective 00 WOODODOOOOOU(Y)

0 weak equivalence O O J-injective in M DO 0000 O0OU(f) O acyclic
fibration in M 0O O I-injective 0 0 O O

FA— X

(i) f

FB —Y
00000000000 FieFIOODOOadjoint0 00O
A—UX

u(r)

B — UY
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0000 U(f)0O I-njective 0000 B —UXOOOOOOOOOOODOOO
00 adjunctiond FB— X0OOOOOOOOOOO morphismOO00000O0
OO0 f O Fl-injective

000 (F,U)0 Quiilen adjoint 00 000000000000 0OF O cofibration
O acyclic cofibration 00000000 OOODOF DO left adjoint 000 O O O colimit
O00000000Ocolimit 00000 ODOONO relative I-cell complex O relative F'I-
complex O O relative J-cell complex O relative F'J-cell complex OO0 O OOOOOO
O O functor O retract O O O O O O relative I-cell complex O retract=cofibration in
M O relative F'I-cell complex O retract=cofibration in N 0 O O Oacyclic cofibration
gooooooooon
O

Remmark 0.1.24

000 N O model structure 0 0 00 fibration 0 U O0O0O0O M O fibration O O
O00000000N O fibration=FJ-injective 0000000000000 OCOOOO

OO000000D00QD0QO Transfar principal 0 20000000000000000
gbboobooboobobboboaoboobuooobaboo

Theorem 0.1.25

M O cofibrantly generated model category 0 0 0O I, J 00O O generating cofibra-
tion[ acyclic cofibration 0 O O O N O bicomplete O category O O O

F:M<<—N:U

O adjoint functors 0 O FI = {Fi € Mor(N) |i € I} , FJ = {Fj € Mor(N) | j € J}
O0D0000000OW ={f € Mor(N) | U(f) is weak equivalence in M} Fib = FJ-
injectives= {f € Mor(N) | U(f) is fibration in M }0 Cof = FI-cofibrations 0 O O
goooobobboooo

1. O FI and F'J permits small object argument.

2. 0 N O object O all fibrantO 0000 X — 0 fibrationin NOOOOOO
Oobject 00O XOOODOA: X — X x X O functorial fuctorization O O
A: X S Path(X)» X xXOOOOOOOOOOO
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OO0O00ooNDOOO W, Fib,Cof 00O FIOFJ O generating cofibration acyclic
cofibration 0 O O cofibrantly generated model category D0 000000 OO adjoint
O Quillen adjoint 0 00O

proof) 00 200000 Theorem 0.1.230000 2000000000000
O00¢: X — Y O relative FJ-cell complex 0000 Cor 0.1.10000040 FJ-
cofibration 0 0 O O

X
Y.

O0O0O0OONUO objectd all fibrant 000 X — 0 fibration 0 0O 0O ON O fibration
O FJ-injective 000 r: Y — X OOOODOOOOO morphismOOO0O0O0O0OO
OO00ro¢=10000000

;X
o

T

B 3

Y — Y xY
(1,307)

OO000D0000Y O pathobject OO DDOOO

X —' vy — Path(Y)

v

Yy = - Y XY

(1,i0m)

0000000 H:Y —Path(Y)OOOOUO morphism 00000000000
jor~10000al fibrant 00000 0ior~10000UDO right adjoint O O
0 O path object 000 0UG) oU(r) ~1, U(r)oU@i) =1in MODODOOOO
U(i) O Ho(M) O isomorphism 00000000000 U(4) U weak equivalence in

MOODOOOOODOq : weak equivalence in N 00 OO Theorem 0.1.23 00000
O



