1 Gel’fand-Naimark duality (Banach algebraO 00 0)

OO00O0OBanach algebra 00000 Gelfand 000000000 OOOOOOOOOOOOO
oood

Definition 1.1. ev: 4 — C(My) O Oev(a)(f) = f(a) 00000000 fe Mya0000

feev(a)(Us(f(a)) = {v € Ma | lp(a) — f(a)| < e} = W(f;a,¢)
O000Oev(e) DOO0O0O0O0Oev(a) O complex homomorphism 0 00 O
Theorem 1.2. 000 a€ ADO0ODev(a)(My) =o0(a) in C

Proof. X € ev(a)(M,)00D00D0feMyOOev(a)(f) = fla)=A00000000000
Ae —a= f(a)e—a € Kerf

O0O00Kerf O maximal ideal 00000000 (Ne—a) € GA)DDOODON € o(x)0000O
Neo(z)0O0O0
I={(Ae—a)blbe A}

00000 A0 ideal 00 O0D0O0DO7I000 maximal ideal M OOOO0OMODOOODO complex
homomorphism O fO00000OKerf = MOOOOOf(I)=00000b=e00000f(Xe—a) =
000O000A=f(a)=ev(a)(f)DODOOMXEev(a)(Ma)O O

Corollary 1.3. 000 ac ADODOO |lev(a)|| = r(a)

Proof.
llev(a)ll = suppear, {lev(a) ()} = supre, @) {IAl} = 7(a)

Lemma 1.4. cc ADDDOOOOOOOOOO

L [la?| = lalf?
2. r(a) = ||l
3. [lev(a)[] = lal|

Proof. 2) <= 3)0 0 Corollary 1.300000001)=2)000000

llat]l = [1(a®)?]] = ||a?||* = ||a]|*
000000000 keNOOOO|e?|| = D000000000000000000
r(@) = limp oo |||V = limg oo |[a®" /2" = ||a|

0002 = 1)000000

lla]| = r(a®) = r(a)* = [|al|”

good O



Proposition 1.5. 000« ADDDOOO|e®/|=|e|/?0000ev00D0O0OO0
Proof. Lemma 1.150000|lev(a)|| = ||a||D 000000 OevO isometric 000000000 O

00000000000 AQO C(Ma) O subalgebra0 000000000 norm 000000
O Banach algebra 00 0 C*-algebra 00 00000

Definition 1.6. COO alghera000000000 x:A— ADDO0DDODO0OO

1. (z*)* =2
2. (zy)* = y*a*
3. (\x)* = \a*

A0 x-algebra 0 0 O O Banach algebra 0 O O x-algebra 0 O
lla* || = [loa”|| = ||=]|?
OO000000AQ C*-algebra 0000
Remark 1.7. ¢(X)0O f*=f0000 C*algebra0 000
Lemma 1.8. A0 C*-algebra0000000 ac ADODODO|a*||=|le/|00O0DO

Proof. ||a]|* = |laa*|| £ ||a]| - ||e*]| D0 00|a|| £ |le*||D00000e=e¢* 000000000
gooobooogn O

Lemma 1.9. A0 C*-algebra0000000 ac ADDODO|a?|=la/?0000

Proof.

[la?[[[* = [la*(a®)*]| = llaaa”a*|| = ||(aa")(aa”)*|| = ||aa”||* = [|al[*
D00 |lalf® = [la?|| B

O000AQ C*-algebra0000ADO C(Ma) O csubalgberaD0D00D000000000AD
norm0000000000ev(A)D C(M,)00000000000000{ev(a,)}0 000
0000000000 CauchyOODODOOOO0OO norm 0000000000000 Cauchy O[]
O000AOD00O0OO0OO0OOpeev(A)O0000ev(A)O closed0000O00OOC(M4)O00OODO
norm 0000000000 00D0O00DO000 closed subalgebra0O0O0O000O00O0O0O0DOO0O

Definition 1.10. Xcompact Hausdorff 00 000X 000000000000 Cp(X)00O
000000000 normO000000000OO Banach algebraD0OO0OAC Cr(X)O0DOODOO
O0000O0Onorm 00000 Cr(X)0DODDO0OODO0O0OO0O0O0OO0OUOOOODOOOUOOODODOO
0000000000000 00000000A0 C(X)OU0O0O0O0O00O000z#yeXO
D00 f(x)# f(y) 000 fe ADODOODOOOOODO

Theorem 1.11 (Weierstrass 1O O0000). 0000 f:[e,b) — ROOOO(a,b]
00 fO000000000O0O0UD {P,}0000000U0O0OUOOOO z€]a,b00e>00
goo

[f(z) — P(z)| <e
000 [0,b)00000 P(zx) 000000



Lemma 1.12. A c Cx(X) O closed subalgebra00 00 f € ADOODO|f|(z) = |f(z)] 00
000|fleADDOD

Proof. a=||f||0D000|—]:[-a,a] — RODODOOWelerstrass 000 00000000000
O0e>00000
lul = P(u)] <& (u € [a,0])

000000 Pu)=Yr ,au* 00000000

g::chfk €A
k=0

0000zeXO0O000|f(z)|<||f|=e«00000000 f(z) €[~a,a) 0000

[(F1 = 9) (@) = [[f(2)| = g(z)| <&

O00Ooperator norm 00 0000|||f| —gl|<eDO0O00|f|0 ADOODDOOOOOOOOOO
00DADODOO |f| € AD O

Lemma 1.13. c Cg(X) O closed subalgebra 0000 f,g € A0DODO0Omax{f,g}(z) =

max{ f(z), g(z)}0 min{f, g} () = min{f(z),¢(x)} 00D 000D max{f,g}, min{f,g} € A0
ooo

Proof. 1 1
max(min){f, g} = 5(f +9) = 5(f — 9])

O0D00000Lemma 1.1200000 O
Corollary 1.14. 000000 {f1,---,f,} € A00000Omax{f;},min{f;} € A0D0O0O

Lemma 1.15. A C Cg(X) O closed subalgebra D000 AD X OOODOOODOOODO f €
Cx(X)0 € X0e>00000g, € ADODODOD gu(z) = f() DO D f(E) — ¢ < gu(t) (t € X)
gooogd

Proof. x 2y0000pe AD0y(z)#¢(y) 000D00000000AR, €eCr(X)0D0OO0ODOO
o (t) = »(y) (t) — o(x)
i) — ey pL) — e
) = 1) o(x) —ply) Jw) p(y) — ()
00000 +0D000000000DO0DO0DO00D0D0OD0D0ODO0ODO01eADOO0ADO
D00000000h, € ADD0D0000h(2) = f(2)0hely) = f(y) 00000000000
O000xz=y0000O0OR,(¢t)=f(x) 0000000000000 O0 e X0O0OO0OAR, 00
oooodha, —fOO0D0ODOODOOOD0e>000002:00000U0,00000teU, 0000
lha(t)— f(1)| <e0D000000000000f(t) —e<h, 000000{U,},€eX00000

O0O0OXDOcompact OO0 O0OD0OOOOODOODOOCOODOO 24,---,2,€X000000000O
9o = max{hy, }

O000000O000Corollary 1.140000A0000g(x) = f(x) D00 f(t) —e < g.(t) O
goo O



Theorem 1.16 (Stone). A C Cg(X) O closed subalgebra 0000 AD X O0OOOOOO
A=Cr(X)OOOO

Proof. fe Cr(X)O0UODOOze X0OUOUO0OLemma 1.15000000 g, € AD0O0OOOO0OOO
doo0dbodde>00000z0000V, OD0teV, 0000

l92(t) = f(t)] <&
D0D00000000000000000g,(t) < f(t)+e0000{V,}eexD XOODDOO
XDcompact 000000000 DOODODDODOOODOOO x1,---,2, 00000

g:=min{g, } € A
gooooooo

f(t) —e<g(@) < f(t) +¢

000000|g(t)— f(t)| <eO0O0OD te XOOOO0OO0O0O0O0D0000]|lg—f|l<eOOOO
f0 ADDODDOOOAOOODOOfeAOOODO O

gbobgoboooooobooboboboboooobobobobobobooooboooonog
gboooboobooooobooon

Theorem 1.17. Ac C(X)O C(X)O0OODOO closed subalgebra 0 00 0

A" ={f e O(X)|f(x) = f(x), f € A}
0000A*=A0000A=C(X)0000

Proof. Ap CAOD ADDOUODOUODO0OOUOO0OOUOOOO0OOOOOOOARCCR(X)OO
OO00000O Theorem 1.1600000000000C0O00O0O0O0OO0ODO

1. Ag,00000000feC(X)00000 A, 000 {f,}00000

[fn(2) = g(2)] = |fn(z) = 9(2)| = | fu(2) — g(2)| = 0 (n — o0)

000000
1 fn = gll = 11/ =9l
00000000

g =3l =lIlg = fn) = (@ = F)ll = 2llg = full = 0 (n — o0)

O0000g=g0000AOCclosed000000ge ADOOOge Axg 000 Ag O closed
ooooo

2. Ap0 Cp(X)000D000000000 2#4yeXO0O0000f(a)# f(y)000 feA
gooooood
70 — f(x)
) = 22 S
90 = F = )
0000000ge AOOg(z) =00g(y) =10000000000ge ADOOODOO
O0u=(g+7)/20000000ueAp0000000u(z)=000u(y)=100000



O000O0Stone 000000 Ar =Cr(X)000000000 feC(X)000DOO
v=3(f+ D), w= (T
S 2 T2
O0000uw,veCr(X)000D000uw,ve Agc ADODOODODOOO
f=ut+vieA
good O
000 ACC(M,)0OO0DODO0OOGel'fand Naimark duality 000000000
Lemma 1.18. a=a¢*in ADODODev(a) € Cr(X)0O000O
Proof. f€ MaOOev(a)(f)=f(a)=a+Bi (3#£0)0000000000000000000
b=(a—ae)/f e A
ooogosy»=560000
f)=fla—ae)/f=(f(a) —a)/B=i

00000000b—ide € Kerf OOKerf O maximal ideal 000 000b—ied G(A)DOOOO
ico()0000GA)D «x000000000

b+ie = (b—ie)* & G(A)

00000 € o(b) = ev(b)(M,)0000ge My 00000g(kh) =— 000000000
K>000000

ev(b—iKe)(g) = —i(1+ k), ev(b+iKe)(f) =i(1+ K)
gooo
1+ K <=lev(b—iKe)(g)| < |lev(b—iKe)|| = r(b—iKe) < ||b—iKel|
0000000000000 0 1+K < |bh+iKe/|ODOODODODOODOOOODOOODOO
(1+K)? = |lb—iKe|| - |[b+iKe|| < [|(b— iKe)(b+iKe)|| = [|b* + K?|| < ||b]| + K*

gooooad
142K < ||b?]

D000K >00000000000000000000000000 f€ M,40000ev(a)(f)=
fla)eRODODOO O

Proposition 1.19. ev0000000

Proof. Theorem 1.16 00000000000 f#ge Ma0O0O000ae AO f(a) # g(a) O
00000000000000ev(a)(f) #ev(a)(g) 000000000000 0000O00acE A
good

b=(a+a")/2, c=(a—a")/2i



00000 =b,c*=c0000a=b+c0000Lemma 1.18 00 00ev(b),ev(c) € Cr(M4)
good

ev(a®) =ev((b+ci)*) = ev(b— ci) = ev(b) — ev(c)i = ev(b) + ev(c)i = ev(a)
DO0O0Oev(A)* =ev(A) 0000000 0ev(4)=C(M4) 0000 evD 000000 O
Theorem 1.20. ev: A — C(M4) 0 Banach algebra 000000000

O00000C(—): Compact Hausdorff — Banach alg0 00000000 C*-algebra O
O000000000C*algO OO0 C*-algebrad 00 Banach alg O full subcategory O O O
gooobooobon

Theorem 1.21 (Gel’fand-Naimark).
C(-) : Compact Hausdorff = C*-alg : M_

U category OO QO QODODO



