0.1. Spectrum 1

0.1 Spectrum
Definition 0.1.1

XZ{Xn,Un}n;oD spectrum D000 n 2 0000 X, 000000000
stracture map 00000 o, : ¥X,, — X, 00000D0adjoint OO0 ODOO
stracture map 0 7, : X;, — QX, (1 00000000000

stracture map 0 0 0 ¥X,, — X, 41 O homotopy equivalence 0 00 O X-spectrum
0000X, — QX,+1 0 homotopy equivalence O O O Q-spectrum 0 00O

XY O spectrum OO0 O0000Ospectrum 000 f: X —YOOOOOODOOO

{fn : Xn I Yn}nzo

gooo -
X, —— XY,
Xn+1 — Yon
fn+1
goooood

spectrum 000 SpN 000000 E-spectrum O full sub category 0 ENO Q-
spectrum O full sub category 0 QN DD DD O0O00000000OSp®E>M>00
goooooooooo

Example 0.1.2

»8" =5 §nF1 O stracture map 0000000000 Y-spectrum 000000
OJodgd spectrum 00O O

7 O Abelian group 0 0 00 K (m,n) — K(m,n 4 1) O stracture map 0 0 0
O O Eilenberg MacLane 0 0 0 00O Q-spectrum 00 000 0O O Eilenberg MacLane
spectrum O O 0 O

Definition 0.1.3

Fuv, : Sp¥ — TOP, O Ev,(X)= X, 00000 evaluation functor 0 00 00O
O0F,: TOP, — SpN O



ymonx n<m
(FnX)m =
* otherwise
ooooM,: TOP, — SpN O
Qr-mx m<n
(MrLX)m - o
* otherwise

gooooad
Proposition 0.1.4

F,: TOP, <— SpN : Bv,
gooad
Ewv, : SpN < TOP, : M,

proof) 00 X e TOP, 0 Y eSpN 0000
Homrop, (X, Ev,Y) — Homg~ (F;, X, Y)
f € HOmTop*(X, E’UnY) = HOIHTOP* (X, Kz) oood

EM7nf o'anlOE(UNL72)O”'OZM7”71(o'n)

(FuX)p =Y "X —— ym—ny, - Y,

O0O000000Oinverced O
Homg~ (F, X,Y) — Homrop, (X, Ev,Y)

0 g € Homgn (F,X,Y)0O00g,: (F,X),=X — Y, 0000000

Proposition 0.1.5
SpNDDDD limit O colimit 00O D0 OOO

proof) 00 DO small category UOOOF: D — SpN 0000 functor 00 0O
ooooo

(colimF),, = colimFEv, o F , (limF), =limEv, o F
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0000 stracture map O O

. = . colim(ooF) .
Y(colimEv, o F) —— colim(X o Fv, o F) —— colim(FEv, 41 o F)

OO00000000 X0 left adjoint functor 00 O O preserve colimit 0 00000
00000000000 X01limit00000000000000 limit000O0O0OO

lim(coF
S(limEv, o F) — lim(S o Ev, o F) mioel) lim(Evy,41 0 F)

0000000000 limit O structure map D 000000

O
Definition 0.1.6
»:SpN — spN O (XX), = XX, 0structure map 0
() : S(SX)n = S(EX,) — (BX)ns1 = SXpit
D0000D00000Q:SpN — SpN O (QX),, = QX,,0 structure map O
Q) : (QX), = OXy, — QX )1 = AQK11)
Proposition 0.1.7
Y SpN —=SpN
proof) 000000000000 adojoin 0O OOO
O

O000Ospectrum 0 model OO0 0D O00D0O000O0O0ODOOOODOOODNO modelO
00000000000 000 QuillenOOOOOODOOO cofibrantly generated O
gooooooooooo

Definition 0.1.8

fe Mor(SpN) 0000000 level equivalenced cofibration[ fibrationd O O O
O000» 000000/ 000000000 weak equivalencel cofibrationd
fibration0 0000000 fO0000O acyclic fibration 000 LLPODOODOOO f0O
peojective cofibration 0 0 O 0O



Theorem 0.1.9

TOP. O generationg cofibrationO acyclic cofibration 00000 [, JOOOODOO
SpN O morphism 0000000

I'=JF.() , J=JF.()

n>0 n>0
O0000000000SpY O morphism 00000
1. O weak equivalence is level equivalence
2. O fibration is level fibration
3. O cofibration is projective cofibration

000000000000 SpN 0O I, J' 0 generating cofibration acyclic cofibration
000 cofibrantly generated model category O 0O OO

proof)00 F, : TOP, — SpN : Ev, O weak equivalenceOcofibrationOfibration
0000000000000 000000 Ev, 0 colimit00000OTOP, 0 model

0000000000000 SpN 000000000 model00O0000OO0O
O

00 model O O O leveld projectivell model structure 0000000000000
stable model structure D0 000 model DO OO ODOODODO

Definition 0.1.10
X — 7

f g

Y — W

00000 homotopy pull back squere 0 00000 f,g 0 fibration DO OO0 OO
pull back DO OO0
X—)YXWZ

0 weak equivalene 00O 0000

Definition 0.1.11
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XeTOP,OOOOX™X O counit map 000
n:E¥mX — QN(E™X) = QumtlX
oooo
Qm™(n): QMEMX — QmTiymtlx
OOO0O0O00O0 colimit0 O OO
QX = colim,,Q"¥X™mX
gooooo
Definition 0.1.12
J € Homg,~(X,Y) O
1. O stable equivalence 0 O 0O O O O stable homotopy group 0 O O O
e (f) 2 7o, = colimy, Ty 4n (X)) — colimy, w40 (V) =m0, (V)
O000mz2000000000000000

2. 0 stable cofibration 0 00000 fp : Xg — Yy 0 monomorphism 0 0 00O

SX, 2l vy,

0000 push out O

Xo [T Vo — Y
YXXno1

On>00000monomorphism 0000000O00OO
3. O stable fibration 0 O 0 O O Olevel fibration 0000000 n=200000
X, Souniy QX,, = colim,,Q"YX™X,,

fn Q(fn)

counit

Y, —— Y X, = colim,,Q"X"Y,,

0 homotopy pull back squere 0 O 0O O



Theorem 0.1.13

Sp™N 0000 morphism 0 0 O 0 model category 0 0 0 O
1. O weak equivalence is stable equivalence

2. O cofibration is stable cofibration

3. O fibration is stable fibration

00000 stable model structure 0 O O O



